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Differential GeometryWeek#
• frame field description

• vector space

• differential geometry

• curvature

• metric



Lecture 9- : Frame field description

geometry
TT

measurement
earth

Physical cylinder : if # ↑Z 0 ≤ 4 ≤ 21T
-

↓
- Ro

0 ≤ 2- ≤ It
→ I

consider fell , Z ) its " total differential "

dfleit ) = de ¥4 + dZ¥z
write the position vector in terms of ↑É%



Ñccfz ) = Ro [ cop It siuyy] + 2-I

⇒ dÑ = die %É + dz }R÷
=

de [ - Rosny It Ro cosy § ] + DZÉ

dÑ . dÑ = (dy)[ Bismil + Rian] + (dzj
'

dÉ
= (da )

'

Ro
'

+ Cd2-5

Cline Element )2 see

8*11 :)introduce
"

metric
"

:
ds:-( de DZ) (gz, g*



constant

⇒ Guy = Roh
, Get = gap = 0

, g* =
⇒ 08=0
⇒ curvature & connection

are vanishing
Define the inverse frame operators as

e∅=r÷ :-p , ez = ¥

one can check [ Ey , ez ] = 0



Generally , the embedding of a p- dimensional surface 8

with coordinate ✗
ʰ

into the D- diml space is accomplished as follows .

Ñ : a vector points from some fixed origin to a point on E.

Ñ = ☒ (X ) = ✗ ʰl✗)lʰ
↳ D linearly independent

unit vectors

A- = ai , 92 ,
-
' '

/ AD
gradient operator 8 = la-ea-m-2mm-I.my .

- '

Mp

differential line element dÑ= DX
" e^m_ a- ee

if we choose la .
lᵗ = 8ᵗʰ then eʰ is the inverse frame to Imf



metric : dst-dxm-gmn-dx1-dxm-em-adxn-en-b-sa.ba
frame field

frame field operator e. a- = eaʰ2m_ : Ñ= l' e.a-

anholonomy c.
≤

: [ ea
,
er] = E±f≤e≤

Cate
≤

Exercise : ① Fit , 2) = Roll - É) tricot + § six] + zz^
-

"

right circular cone
"



DR = Roll - ¥)d∅ [ - Ismet + Good] - dz [ 11¥) txcosltysmoj
- I ]

calculate Gina ,
Ea

,
Can ≤

geometry interpretation :

f- 1×+3 ) = e

" ¥ ]
fix) Taylor 's Theorem

= ( 9- + 3¥ + ¥
.

+ -

.
. ) fix)



= fix) -1 } f-
'
CX) + £32 -1

"

/ X) -1 -
.

_

✗ 2-

i¥ .
.

Hey equator

:



More exercise : the 2- sphere

810 , e) = RE * cosy shot § sing shot Iwo]

di = R do [ * cosy cost + y^sny oooo - Ésmo]

+ Rsmody E- Esme + goose]

ds2= dñ . di = R2 (doit Rhino (dy )
2

Guy = (
R2 o

O limo )
eo = ¥ ¥ = * Jo ep = ¥ =# 2¢



[ eo , ex ] = [ too , 2¢]

= ¥120 ,↳32¢ = ¥ a)¥24
= - ep

let Ñ ( WV) where u , V are generalized coordinates

and Flu ,v ) is a given function

%EE.in#.dr=-duEu+dv¥



ds? ( du du , /
8 "" Guv die

gun gw ) / du )
If guv = gun = 0 ( g is diagonal ) then

guu °

( ◦ a.) ¥ y◦ ☒

eu=¥uFu[ eu.eu ] -- Cau
"

" ⇐ { eu=¥, #+ Cuiev



Introduce the curvature

R = C-
ab
eacb - Cd Cd = lock - ero - Eco - city

to

Gaussian Mean Curvature ( scalar Riemann curvature )

* Col -= Cop
°

, co -= Cool
∅

Ex,calculate R for 2- sphere . R= ¥

t¥: 1) Torus FUN)= REIKO>utysinu)( It p.com )

+ poésinv]
Po : constant



2) Non - orthogonal plane
F- UI -1 VII cosy . tys.my . ] % : const .

calculate : di , di , g , frame operators . c.



Lecture 2 : Veetor Space

Review of Linear algebra :

ÑÉÉof Basis , . .
. tensors )

Def : a R - vector space is a triplet ( V , ⊕ , ① )
to

Ric

- V= { vi. v2 , . .
. .VN }

↓ ↓-

vectors : elements of set V

- ⑦ : ( V , V ) → ✓

Vi , V2 -6 V1 ⑦ V2



- ① : ( R , V ) -o V

✗ c- IR , v1 → ✗ ③ V1 = ✗ v1

(for • )

Properties : CAN I
# + >

A D D U
f f unit

commutative
)

associativity associativity
↓

4 ,#2. v)
distributive I.v=v

Vith = ✓2)+ V3

◦

=vitCV2tV3) = t.dz)N
neutral

"

O
"

◦
inverse

V -10 = V V- V. 7- - V

V -1 C- V) = 0



Example 1) position vectors [ configuration space )

↑ """

t
*

✗

2) nxn matrices

✓= { Anxn / Bnxn , - . . }
① = addition of matrices

① = multiplication of matrices



3) IR , Cl . HI are also vector spaces
6 6¥
z=✗+iy quaternions h= Xitixztjxsstkxy

i' = -1 i'=j= K'= - I ij=k

Baof ( V ,
-1
,

• ) is :

1) linearly independentBE V={ vi. . . .vn }
" die ;

= 0 ⇒ di __ 0

{ eyes , - "red }

Example 9- ↑
≥ XTYTÉ are linearly independent .

{→ Cixtczy -1921=0 ⇒ 4=6--9--0



talk-18 ) q=x^
Example 2 : ,✗ ez=¥h↑+y)

Get + Cse, = 0 ⇒ 9--9=0

Example 3 :
all :) -161%1+4%1 -1dL :?) __ ◦

⇒ a=b=c= D= 0

2) It VEV Ñ= Vie ;

↓ ↓
basis C- B

vector components

they are unique given the basis ei



Example : %
✓
→

y

choose B-- { F. if }
eek , ez=y^

✗ Q1 . are eyes linearly independent ? /Y④
02 .

Can all vectors be written as linear

combination of kif ? IND

DiLof Vct
,
. )

dim / V) = 1131 =D B= { ewes
,

-

i. ed }

:{ ei } V= Viei
_ components of Ei aschangebasis-fgg.ge?.=Arijej expressed in the basis ei



then V= Ji Ei = viei ÑiiA~jk = (1) it
ÉviÑi iej = Sik

⇒ FIAT I = V5 =p Jk = v5 A~j.lk

D A vector ( co - vector) in V* can
"

eat
"

a vector u EV

and ⇒ a number

Dualvectorspac.eu#B--{ E ' , E
'

,
. . . ,Eᵈ } basis of V*

W = C- iwi-0 components of w in basis { c- i }
bwEV* @ vector )



( v
't
,
V ) → R

wcv ) = Ei ( V) Wi = C- i(VJej ) Wi
= v5 c- ilej ) Wi = WT . c. V

T
iwi . _ .am/ c) ( I;)cij EM

Exercise : eek
,
e
>
= ⇐ City )

C- , = ? Ez= ? such that

C- ilej ) = Sij



see c- i= (a b) [ a b) (f) = 1 (a b) ( É) = 0
Ez = Cc d)

cc d) (f) = ◦ cc d) ( ¥;) __ ±

⇒ E ,
= ( I -1) * dual to the unit vector

don't have to be unit vector

G= ( O F)

Changebasisin
w= Eiw ;

{ Ei } → { Ei} Ei = Ei Bji

= Ei Ñi = EJBjw,Ñi~ ⇒ wj= Bji Ñi

Ñi = B-! Jwj



V :{ ei } → { Ei }

v-viei.T-ivilA-y.ie?=Aiiejv*:fc-i3-ofEi3w--Eiwi,wi--(B-
1) iiwj

Ei= c-
I Bji

D_ua C- iej = Sij we want Eiéj = sij

⇒ Bki Ajeen = BkiAjl8ke= AjkBki=8ij
⇒ B=A

"



tensors Vi
, Wi

Cp, tensor
is a generalization of vector or corrector

with p indices of the vector type :

i

q indices of the collector type :

j

1-
iiia . - nip

e- 8 .

( f- Is 8=0) Ti components of

jijz .
.

_ jg a vector

( f- 0,8--1 ) Tj components of
a collector

Cpa , 8=1) Tii matrix



( p=0cf=2) Tij e.g. metric gig

ii. - ipTj.jo . .jg
" " '

" "P
→ Fj , .jg

le - lp
= Aj ,

"

Aj .
"

-
-

- Ajqkt-Tki.iq
✓A

" )e ,

"
.

. . ( A
" )epiP

in previous note
, A- = B-I

recall Ñi= ( B
")iJWj



Lecture 3 : Differential Geometry

physics CSR.GR) spacetime) :

stage where physics takes place

core assumption : spacetime = continuous
" manifold

"

SR v. s.GR

static dynamic ( Einstein Eq . )

9m

Ways to describe curved manifolds

a) extrinsic approach : embedding space
↑ÉT



* = f- fair ) I + falun ) § t fun,v)É

2) instrinsic approach -,

• no embedding space [ no outsides)

• no tangent space (no arrows)

old)= trajectory of the surface M .É÷÷m±r
É



✗
rip f

= [ fcrayj-deriva-ahew.ae
. ×

4=0

= ¥1m /p% /⇔ = in :# Ip f
T

⇒ ✗
xp
= Vm¥m " the differential derivative operator

aep along curve r
"

t
in Diff Geo . ✗ rip is called "

tangent vector
" of curve Tae p .



• no arrows
,

no directions

• a differential operator

• tangent
"

plane
"

→ tangent space {¥ . ¥ ,

-
_

. }
is a vector space

¥1m form a basis

• change of basis = change of coordinates

✗ = vm¥m = Tm¥m = Em
◦×"

nEm¥n



⇒ vⁿ=ñm:¥m ⇒ ñ=vY¥⇒
• Dual vector space W= dxm Wm

I •¥m = sin
1- form

ñm=l%⇒wn
• Cp, f) -Tensor in Diff Geo .

Tj , ;g
"

"P=(?¥÷;) .
.

. Tia . -*

""

%¥É) - f !¥÷p)



Lecture 4 : curvature

* parallel transport ,
connection

,

and covariant derivative

* curvature

Motivatlparalleltranspore
the question that we want

to understand :

•
how tensors are transported along a curve .

• two vectors defined at different points cannot be

compared naivety with each other .



Flatspaa-kmvectorv-vne.in VMCX)

✗M µ=4 .
" ,M

we define the derivative

ZVM
⇒

= bin V"×"¥-v^
0×-00

subtract : transpoo-CVMLX-wx-oxuitkou-lchange.to
parallel transport .

Call Ñ /
✗+ox

denote a vector V / ✗ parallel transported

to ✗ tox



We demand the components

① ÑM / Xtox ) - VMCX) ✗ ox

② (ÑwM) 1×+0×3=5^1×+0×3 + Ñmlxtox)
we take TM (✗ tox ) = VMIX) - ox

" ( )
,

M

① ✓ ② : LHS =vmtwm-sxv.fi?+mwRHS--vM-oxucfJuM+wn-oxvcfiTn
⇒ ÑM 1×+0×3 = VMCX) - VAX)PMv×C✗) ox

"
"

connection
"

w = lim VMl✗+%↑x-
015-00



covariant derivative of V w ' " " X
"

µ*
= 21%1

= him VM✗+%↑✗- e, er=¥n
0×0-00

= him VM✗+o✗)-VM;VN✗)PMvxlX)c e
,

-00

= ( 7×4 + v" Phx) en
is a vector at ✗tox



covarian-cderiva-ahe-pvvr-YI-tvxpt.ua
Tv wk = ?

Idea : • WKVK = fcx) - scalar

• Pµ fcx) = ¥1m

⇒ Dµ (Wxrk )
=

ftp.wk/VktWkl0pVk)--l#VktWk*-ntvdPkm)
= 3¥, v1' + wk%÷

⇒ 10µW e) V
"
= &%- - WIJK) vk fuk



⇒ 0µW a = %¥ - wit
"

µk

generalize to Cp,g) - tensor :

ii -
' ip ) = ¥, / Tj , .gg

" " IP ) + Tj , . . .jp

" " " "

Ppii
µ,0µL Tji . . . jg

ii. . ipad pip+ .

- t Tjijq µ

-

Tx . . .jp
" " :P P^µj , - .

. . - Tj ,
'
"

iPp×
Mjg



Example : R2

[
&

•Ñix+ox , ytoy) = VICKY)
Cartesian coordinate [✗ ' G)

Prix = 0

Ñ= rose I + rsm4Ñpolar coordinate Crill )
dÑ= ( cosiextsmeg )dr+rfsmyx^+axey↑

%Ir^
dñidr = ( ooslldr - remedy )2

+ ( snlldrtrcosiedp)
"

= drʰ + r2dp2



✓ = Vert Veep vector defined at

Crilly .

.
.

.

Ñ Ñ

.↑¥¥¥or .es µ ,e+%↑¥p%
riir.es

.

.¥É÷ÉÉ
iie

✓ = Vcoso

V∅= long
} #Kif
=fÉ+tv∅g&p
= vrvr+v%∅rÉ



Jr = Vr ⇒ P' v×=0 v~r= Vcoslo -04)
= VMO cool + UsinlsmolfJ∅=¥%ˢ=r÷rVᵗ
~ V00>Ot Vsmoolf

= 1¥ V4 = Vrtrvtolf

T∅= VsinY→
~ / 1- F) v9

m

=vsinoasgf-voososnop-op4r.io-_ f-
~ using _ v%ˢoy
= v4 - ¥04

⇒ Prep = - r ; Peter = f-



• Here we assume that the norm of a vector is invariant

} Levi-Civita
under parallel transport

connection

• PM = PM vx

(
⇒

'

7s
2- sphere

curvature
i

-

,
.

-
- -

-5¥ -

n

,

V parallel transpired
8

, •

, •
→ along a great circle

p• •
→

, if the angle V makes with

,

,

"
the great circle is kept fixed



"

"""• measures .ae .am.

when we parallel transport
a Vector a-up to g along

different curves .

• intrinsic ⇒ does not depend
on the special coordinates chosen

.

ÑMCA) = V1 - Vé PM v, Lp] E
"

TIM (g) = ÑICA) - Fica] Prva (A) 8
"



⇒ ÑM (g) = Von - v7 pmislp) E
"
- [ v9 - v! P" vpcp) EY

✗ 11¥48
'

Pbx ( p) +④ Mon Cpj go
% = ¥e

= Von - VipMix cp) E
"
- Vip Mags) So

- v4 Jv PM oxcp) { 8% VéFPvxCp)PMspCp)EYʳ

ÑM , (8) = UM - VipMvxcpjg
"
- V.

✗ PM ixcpe
"

- Vi [ 2spmvalpj-PPs.cm PM up ] E.V85



Difference : ÑdM _ ÑM = UP [ 2PM alp] - PP * CAN opcp)
- 2s Prix + Pprxcp) Pmvplp]

Ers '

= Vinny { V85

Riemann Curvature Tensor RM arr
,
which is a Ct 3) tensor

RM xvr = Php MPP six - Prop IXIP PAID
- 2rPMñlX) + 2PM MIX)



• Rtxvr = - RM now
"

antisymmetric in vandr
"

• works in any D dimensions

µ , V16 /A
= 0,1

,

- - -

, D-1

• In 2D
, µ , Xiv , 6=011

RMivr → Ers RM
p
→ Eur Emp R

reduce to 1010) tensor R ( Gauss mean curvature)

• Ricci tensor : Rps = RM
ppr

• curvature is independent on the choice of
P connections .



Lecture 5 : Metric

~,
principle curvature

K
, is the curvature along

21 RM pvr IX)
-0 RIX) = kill)k2lX) ka - - -

- - k
↓

Gauss mean curvature

RIX) /
p
= kelp - Kalp

¥ ← lÉD
Rajinder = Ki • Kz = 0

↓
curvature of curvature of

straight line @ p
the circle Cp



Metric gµ
: symmetric co > 2) - tensor Gµ= gum .

Riemannian manifolds
-

1×1 8m )

Let's assume that someone gives you a metric
gµ .

VM → V↑gµ = ( V) , lowering the index via the

(1/0) Coil) metric gyu

que = ¥1 + APP
µ

0µ(¥¥ ) =¥ - lvegpx)P



LHS = 10µW) Gpr + VP 10m Gps )

= + v
" PPM 9ps + v8.*Map

- vP9pµo
⇒ v11 PPM 8ps - VP Gxr Mpp = O

v
't [ Prm - Pom ] = 0 ✓

there is an opportunity
that Pr Gps = 0 [ Meericiey Condition )

⇒ %¥ = Gis Mmp + GµMµr 1*3



⇒ Levi-Civita Connection Pimp .

From l*) : ① solve for P

② RM pro ( P , OP )
= RM pvr ( g , 2g)

T. GM symmetric [ 2,0)

raising index : gMWv = WM

( Q1 ) ( 1,0)

RM ups 1×7 9min) = Raps ( X) ( 0,4) tensor



• Rµupr = Rpm
• Rpvpr = - Rvppr
• Rµpr = - Rpnrp

example : Euclidean spacetime Gµ=gM= (
'

1

,

, )
Minkowski :

Gpu = gM= (
+

'

,

, )


