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Week 9- : group theory

• 3D rotation
, generators , commutators

• Lie group , Lie algebra .

•
SUB )

• symmetry & invariants .



Lecture 9- : 3D Rotations
-

consider "

generation
"

denoted by ↳ :

define its actions on the coordinate ( X , Y, Z) as

↳ ✗ = - iy
↳ Y = in{
↳ z=o

now we wish to prove that this operator generates a rotation

about 2- - direction : let T be an angle , consider the object



R > (8) = exp [ - ir ↳ ]

R } IN y⇒ 1¥.fr.in/H--l::i
,
:)

Evaluate each of these by using the definitions : •

(Recall : e✗=§◦-nAcr) ✗ = exp [ - irl } ] X
series expansion

[ 1 - ir ↳ + ±tirLÑt - - - ] ✗=

= [ ✗ - ry - £ñx+¥rˢy+ . .

. ]



= ✗ cost - ysinr .

Similarly, we have R , (g) g. = ✗ sing + you,
8ʳPʰˢ"Ñⁿ

{ RID 2- = 2-

⇒ Rscr) ( Ig ) = /
✗car - ysinr
✗sins + year)Z

=L :
-

÷ :X ;)sins cost 0

4



Rztr) is represented by a 3×3 matrix
]

Idc ReP;:;•:
Number

1 ,
2

,
3 ,

' -
.

(1/23) ( I / I , -11 , -

- - )
-

y
=
, I ,

. _ .

Rnr) ( :
- si

; ;)sinr cow 0



Group assignments : t.in/--o

consider Rik) = exp [
- in , ] { ↳ F- itLiz = - if

Ralf) = exp [ - ipl, ] {
↳✗ = - iz

↳Y = 0

evaluate their actions . # = in

Homework : calculate

(1)

1,12 [:/ =/ :/
"

↳at:/ = -1;)



Lecture 2 : commutator ,
Lie algebra .

Lie group .

↳ ↳ 1¥ ) - ↳ 41¥ ) = ( ! )
✗

(44-44) / ¥ / = ( Tx ) ↳ (1) = (÷:)Z

define [ ,B^ ] = ÑB^_↑3A
"

commutator
"

t

operators

⇒ [ Li , ↳ ] = it
} ( vector / tf ) is arbitrary . suggests this equation)



[ La
,
↳ ] = ? guess : it , ✓

[ Li , ↳ ] = ? guess :
- its
↳ why ? → cyclic

[¥-4
"

set
"

: 5013) = { 4,12 .
↳ }

any
two elements of ,

take [ Li , Lj ] = itijklk

⇒ 5013 ) is closed on [
, ]

calculation 1 : [[ Li , 127,1 } ] = O n [ 13,1} ]



2 : [ [ 12,131,43=0

3 : [ [ 13,4 ] , ↳ 3=0

[ [ 4,121,4 ] + [ [ Lz
,
↳1,4 ] + [ [ 13,41 .

↳ 3=0

"
Jacobi identity

"

continues symmetry Group .

{T } = { Ti , -

i. Tn }

Lie Algebra : step 1 : a set of generators { T }



step 2 : let Ti C- {T }
, -j c- { T }

then [ Ti
. Tj ] c- IT } .

step 3 : Jacobi Identity .

b- Ti / Tj , Tk c- ET}
[ [ Ti , Tj ] , -1k ] + cyclic = o

* trivial closure : Ti = Tj

symmetry : Lie Group ← exponential Lie Algebra .

exp [ i 101-11+0512-1
. _ _ + On Tn )]

~

= R-foi.la .

.
.

: On) on general operation



2×2 matrices : 61=1-2/ %) Eri
, Gj ] = ieijksk

( reps of operations
g. = { ( . ;) [ rotation of spinors )

in 2D )
Recall : 1- Liilj ]= itijklk

53=1-2 ( j ) crotatexiyiz)

Question : do these form a lie algebra ?
check closure

,
Jacobi identity . I

{ 5h52 , 63 } and { 4,12 , ↳ } are different representations

of the same mathematic . idea
.



Last time , we calculate explicit forms of Ri , Ra , Rs .

rotations along X , Y , Z directions .

Now , start from Ri , get generators
:

0 cost - sixe.g. rit ! ! :*)
I 0 0

◦ ' ◦1+4: :)expand : R , := ( ° 1- ¥ - ✗ +%-) = ( ! ! ! • ◦ -1

0
2- % 1-¥

◦ - :o) -it:&:)+ iii. %
+ Oca" )



infinitesimal ✗ :
call l ,

↓

Ri ¥3 + ✗ (
◦ ◦ ◦

°

,
;) + 0cm

O O O

TF recall : Li -_ ( ◦ ◦ - i)0 i o

recover - it ,

☒ RE expf - ith ] = I - ith

le - il , { li } is another representation .

e.=/ % ;)Eli , did = l} ◦ to 4=1 ! ! ! )
Elz , l}] = It E- ( &

,
! ;)

[ l} , A) = lz



Eli , lz ]
= C- i)ʰ [ 4,12] = C- 1) it} = - it } =L}

Groups ( G ,
• )

I
bilinear operation

set elements .

to define a group ,
we need :

1) a set of elements G = { g. § , _
_ . }

2) "

•

"
: group multiplication which vill take g. § c- G

(g. 8) c- G.



Example : N = { 1,23
,
-
- - - }

"

•

"

= 1-

pi: I) : closure G. ÑE G. g. JEG
.

I) : associativity (g. f) • of = g. ( g. g)
It) : existence of identity : e E G.

so that e. g = g. e = of it g c- G.

IV) : existence of inverse : tg EG

7- a unique element g-
I
c- G .

S . -1 . g. g-
'
= g-

'
• g = e



# N is not a group. % is a group under addition .

Two types of group : • (finite ) discrete group G-_ { gaga, . . . ,gnj

• ( continuous ) lie group . G- { guns }
to

continuous variable .

Example : symmetric group .

2
4

→ i☐
,

"
→

I 3 2 I
2

① →t



Rsk) :

matrix multiplication

: Rs (B) FR } IN ) = R } (Rtn)
cost -shr o

R } (8) ʳP• Rsk) = (smr car o )
◦ ◦ I

3×3 matrices
.

that act on 3D

position vector
.

ˢPi 123hr)= exp [- irks} ]
2×2 matrices act on the space of

spinors (Yg)



For G = { guns }

consider infinitesimal ✗ : gun) = 810) + XIII + ✗±✗JT±g + .
. .

↓
✗ = { ✗ 1

, a} . - -

,
✗
N } = ✗

±

I =L ,
- .

; N

group parameters

( ✗ ITI = & ✗±T± Einstein summation Convention )
I=\

* we choose ✗
±
sit . Glo) = 9-

* TIJ = TJI why ? ✗
7-
✗
J
= ✗Jai

✗It' Teg = 2% ' TJI = Ñ✗JTg±
✗ IXJ ( Ttg - TJI ) = 0 V2 ⇒ TIJ = Tye



Note that we have for a rep 12,10)

12,102) • Rih ) = RIO , -102 )

⇒ Rio)= him

BING.j.RS/&)h-0Wn-ocs( 9- - if ↳)
"

e✗=%4+¥jⁿ= him

= exp / - i 0L }) = R > 10) = exploits )
✓ physicist generator ⑤ = - if

positive convention

angle
convention



G : gurl . gcp)

guns glp ) = g ( hap) ) heap ?=
hip . a)

glp) gun) = gchlpia ) )

if 2=0 : heap) =p
hip , 0) = p

✓

p=O : ✓

gun ) = It ✗III + ÑxJT±gt - -
-

gcp ) = It p±T± + p
'

p
'

Tay + _ .
.

glhlaip) ) = It h
'

Kip ) Te t hᵗhJT±g + .
_

.



h± lap) = ✗
±
+ p
'
+ Éjk ✗

" pk + .
_

.

plug
↓

back into gchk.pt ) expansion

compare GK) gcp) = gchix.pl) in each order of xp

LHS = I + PITI -1 ftp.T-ig-at-T-i-txt-7-PJT-g
+ ✗ IN Taj PKTK + ✗

±

-1≥ PJP " Tok + .
. .

RHS = + ✗
±

Tet PIE + CIJKXJPKT, + . -
.



LHS RHS

map I 9-

1st order XIII -1 PIE ✗
'

II -1 PITI
xp

2nd order PIPJTIJ -1 d±T±pJTg C±JkÑpkT±
" P + ✗

'a' T±g + DID ' TIS

+ ✗IPJ Tag

+ p±dJ TIJ
+ pips TIJ



⇒ ✗
I

p
'

T±Tg = C
'

JKXJPKT-i-XT-PJT-i-g-PT-XJT-JSMUT-sg-TJI.PT
-2J T±g = ✗

±

PJ Tye = d-PJTIJ

⇒ 22¥ Tag = dpJT±Tj + IE CK IJTK

⇒ Tag = £ { TITJ + Ck ⇒ Tk }



[ T≥ , Ty ] = ?

[ [ TI, Ty ] , Tia ] + cyclic = o } Homework .

start from Tej = TJI
:

± { T±Tj -1 Ck ⇒ Tk } = ± { TsT±+c
"
JITK }

⇒ [ Te
, Ty ]= ¢K JI - CKIJ ) Tk

Jacobi identity :

[ ETI , Tj] , -1k] + [ ETJ , Ttl , TI ] + [ [ THE ] , Tg ]



= [ CÉI] TL , Tk ] + C'
[kg] [ IT,T±] -1 C' [IK] [ Tht]

=

<

[JI] CMEKL] + C.
<
[ KJ] CM [IL] + C

'

EIK] CMEJL]] TM

= 0

⇒ Cʰ [ Ig] CM [ Lk] t Ct [ JK] CM [LI ] +
Ct [KI] CMELJ ] =D



Lecture 3 : groups , spin , SUB)

☒ finite group : G = {2,82 , .

. - .gr } N-00 but has to be countable
.

e. g. integer numbers 21
.

I o o CoV - sing 0

Rlaipio) = ( ooo>a - s.ua ) /
" P ° ˢʰP)( smr car a)0 I 0

0 Swa cost
-sup 0 cop 0 0 It

=exp[- ilñlitplz -1541 ]

different but equivalent representations .

{ ñ, pit } & {xp , r } are related

[ see Baker- Campbell - Hausdorff
formula ]



You can think of {a pi o } as
"

coordinate
"

tangent plane

•
±

""" " ¢ .Yay are living in the eagen)plane

and we can ask what if I consider the group element near

the identity .

: expand around 9-
,

gun) = It ✗
'

Te + ✗ IT Teg + - - -

define the generator TI .



Use closure

gun) gcp) = gchca.pl) ⇒ ETI
, Ty ] = f.⇒ KTK

Kfsgk = _ f-
JI

↓
structure constant .

( in the homework, we have k= C±gk
- G±k

Look back our rotation : { 4 , ls . ↳ }
I [ 123 )

[ Li , ↳ ] = it} E≥gk= { -6 1321)
other

[ LI , ↳ ] = i EIJKLK
↓
Levi-civita symbol



gun ) = 4- + ✗ ITEM'+Ño Mathematician

= - i ✗
± ( ite ) + . _

.

-
Physician

↓T±
= ITEM) → T±

'M>
= - IT≥

[ TIM' , Tg
'm
] = f⇒

" -1,4"

Aside : Spin 1512 = jcj+Dh2
↓
spin

j : integer ⇒ bosons : photon , higgs .

j : half - integer ⇒ fermions : electron



light : ETM , polarizations :| helicity
+ I left- handed polaniaion

"

Maxwell Equation
"

- l right-handed _
-

Beyond Standard Model :

g-=3 . 5=2

gravitino graviton

Associativity :

(gon) gcp) ) gcr) = gun) ( gcpsgcn)
gun) = A- - i ✗ IT,= , glp) , girl = - ^



JacobiIdentity-lforanyl.ie group ,
its generators satisfy this )

[ [ TI
, Tg ] , Tk ] + [ [ T-s.TK] , T±] + EETK, III. To 3=0

Cheek by yourself:)

Lieltlgebra : 1) Te
,
I =L , . .

-

, N

generators of a Lie group G.

2) [ TI
, Ty] = if⇒

"
Tk

3) Jacobi identity



Iy ,
-1k] + cyclic = 0 * IGA + G. B)

= Ci [A, B]

ifijo " constant
"

⇒ ifijl [ Te , Tx ] t - -
.

= 0

⇒ ifijdifekP-p-ifjklife.PT
+ if ,< i

l

ifej P Tp = 0

⇒ (fijlfek P
+ fjkefei P + fkilfejp ) Tp = 0

( )
P Tp = 0 since Tp 's linearly independent .

( JP =D



fijlfek P
+ fjkefei P + fkilfej P = O

Y

- fie
P

-FilL
- fjep

⇒ c-if if g-⑤ - ti)fjkfi① = + ifij

let * i)kl = - if ike

Ai , Aj ] = ifijl Ae
this means ° is a representation called

"

Adjoint representation
"

.



Homework : find the Adjoint rep for rotation 501353×3
f ↳

orthogonal
special

generators
: { 4,12 ,

13]
[ Li , Lj ] = i Eijklk

answer : -4=1 ) -12=4 )
↳ = ( )

( ti ) he = - ifikl i ,k,l= 1) 2,3

=
- i Eipb ( for now , find = Eine )



[ ti , Tj ] = ifijktk (*)

1) eahe the * of (*) complex

[ _
,
_ ] = ifijk

-

2) T Ctraspose)
dual

3) to ( hermitian any:) complex dual



SUB) = the group of 3×3 unitary matrices with dee -_ 9-

SO (3) : the group of 3×3 orthogonal matrices with dee = -1

↓
↳
orthogonal

special : doe = 1 0 , 0T : 00-1=0-10--91
"
0-1

unitary : U ,

Ut , Unt = UTU =#

ut=(U*)T

A
✗a=✗j↓

SUI } ) = generated by 3×3 hermitian , traceless matrices
.
✗a

GE sub ) g= exp ( itala ) (deecg)= 9- )



ace at
✗ = (

* ' " ↳

) ✗ = ✗-↓ ⇒ a+=a,*Aq as Ab

at as as / ag=aF{ a ,=a↑3×2+3-1=8
↓ 3¥ traceless as -- 9¥
3 complex a ,,a, qg

91+95+99=0 ag=ag*
92 , 93,96



choose a basis for 3×3 traceless hermitian matrices
.

-

Gell - Mann matrices ( generalizations of Pauli matrices )
51 , 62,63

ii. 4¥:) ii. H%) * (If:)I O O

O O O

* ( :?)
◦

E- ( :!
◦

O O O

i. =L : :# "" I :|:i. 1%7;)



Gab = {
° Atb Kronecker deltaTrl dad b) = 2 Sab I a=b

"

dimension
"

= # of generators .

SUCN) : dim = N2-1

By convention , we define generators

✗
a
= £ da for SUCH Trlxaxb ) = { Sab

[ ✗a. ✗b) = ifabcxc

The ✗ a 's provide a 3- dink rep of SUB) Lie algebra=
=

this is called the defining representation ( fundamental)



Group work : [ ✗a. Xb ] = ifabcxc

a,b =# E- 1 ,
- is

113

" 4

£123 = I / fizc = 0 for C -1-3

f- 132=-1 , fi3c=0 @ 1=2)

£147 = É ,
fi4c=0 c≠7



✗3=+2×3 ,

✗8=1-2×8 commute E✗3,✗8]=d-
since d) . As are diagonal .

⇒ { Xs , Xs } : can-can subalgebra

* of generators in the Cartan subalgebra = rank
.

☒ { a. 62,63 } generators of SUCH rank -_ 1
.

Si = Iri S}= (
± ◦

o -

E) = ?

Hi )=±1 :) sy ;) . _ ± , ;)
":"



For SUB ) :

o - I ° ) Ha-=Xg= ¥ / ° I 0"* = :( ; ; ; ; ; :)
eigenvalues :

>

states : ;i§µY:[§ ) µ=( £ ,%
"

weight vectors
"

T

it
eigenvalue of Xg

eigenvalue
of × ]

I :) : I :) :ia-t⇒_



11-2=118 "

→
' '

weight vectors for
-

fundamental reps of SUB)

-Ñ % (2,53-6)
the root vectors are the

c- ±,%) % <
differences between various

- £3 ^

••

^ £2
It , = ✗3 Pairs of weight vectors

µu ✓-22
(in

any rep )*
arlo
,
- %-)

Adjoint reps : [ ✗ a , Xu ] = ifabc Xc

(ta) be =
- ifaba we know 8 8×8 matrices



Example : It , :(
'

◦ f) fijk=0
( abelian group )1-12=1 ! ;)

Eigenvectors : Eigenvalues weight >

states H ,
H2 vector µ

1%1161=4 :) 1 : :X !)=1 :) ii. D11,17=-1 ! )

1 ! :/ Ii )=±l :) Ii :/ 1,7=-11 :) and11-17=-17 )

Tr / Tatb ) = { Sob



t }
, Tg : simultaneously diagonalize them

⇒ diagonal enemy pairs ( t} , -1s) ( 8 of them )

=D weight vectors for odjonie reps .

=

"

root vectors
"

3
^ " "" = "" ± = "" "&"" "

rank = N - 9-

N2_ \ - CN - 1)



Lecture 4 : symmetry

Quick summary of Lie algebra

Given Hermitian generators ✗a satisfying [✗a. ✗b) = ifabcxc

[ choose normalisation as Trlxa ✗b) = k Sab ]

Step 9- : find a maximal set of simultaneously commuting generators
these generate the Cartan subalgebra

{ Hi , Ha , -
-

-

,
Hm } m= rank of the algebra

Hi
"
= Hi

;
[ Hi , Hj 3=0 ; TrEHiHj ] = ksij



Step 2 : use a basis of states where each Hi is diagonal
( for any representation ) µ weight

so that Hilfe , ×> = µi1µ✗ >

µ= ( µ " Ma , . . .

,µm)
: weight vector

✗ = other labels
,
to distinguish these various states

with same weight vector.

Seep 3 : turn our attention to adjoint rep.CN ,
NXN matrices)

basis of states : I -4 > , I -12>
,

- - . t.tn > N= dim of the algebra.

Hi Ita > = di Ita > i-ii.im

root vector ✗ a = ( ✗ 1) '
' '

I
am) A=I ,

- '

;N



" Ket"

(6) , / 9) SUK)
Note : Ta Itb > = § Itc>ctb HÉ

it,>= 2
" bra "

↓ I =tE<til
up - 1) ✗ (NH)

matrix
= § Itc >_ta]cC) =/f) 11 ° )

rep of
✗a

fan is fully antisymmetric ={b Itc) ={ ifabc It , > +1%1011=1! ;)

4*1=11-1*5'
ga,
,
, , ,, µ,

, , ,g, , , , , , ,
,a,g

= 11 0)
= - facts

A-=L ? :)
=D Talks > = / Eta .

tb ] > for adjoint rep ta
ch / Alta >

01%11,9
* Hi / Hj > = / [ Hi , Hj] > = 0

= b

⇒ we would have m zero root vectors
.

= (A) 12



Step 4 : look at nonzero root vectors
,

I would like to

µ
'

-1 : call these states that are not corresponding to H 's

Xa 's as Ea
.

⇒ Hi / Ex > = dit Ea > ( ti -1-0 , tier
.)%¥i%:m]⇒ / [ Hi , Ex] > = di / Ex > ⇒ [ Hi , Ex ] =✗iE✗

☒ these Ea 's are some linear combination of Ta 's .

they're not hermitian : [ Hi , Ex ] _↓= - [ HIT EE]
= di ET

let's call Ej↓= E- ✗ since [ Hi , Eat ] = - ✗ iEi↓

⇒ root vectors come in pairs ✗
,
- ✗



'

Consider Ex
,
E- ✗ as raising / lowering operators .

e. g. for any state / µ> ( in any rep )

Hi / µ> = µilµ >

look at Hi E±✗lµ> = [ Hi , E±✗ ] /µ> + E±✗Hilµ>
= ±✗E±✗lµ> + E±✗µilµ>
= 1mi ± a) E±✗lµ>

⇒ weight of E±✗1µ> are µ -14 .



Step 5 : consider Ex I E- a> : weight = a - ✗ =p

Eat E- a> = &
i= ,
Pi / Hi >

using orthogonality condition , fi = ✗ i

⇒ [ Ex , E- a ] = ✗ • It true for any rep !

⇒ form a sub) subalgebra !

To be more precise ,
[ Ed , E✗± ] = ±Ea±E✗±= ¥1 E±✗
[ Eat , Ei ] = E?

= Era . "

( same for JTJT Jˢ in SUCH )



Symmetry : an operator that when acting on an object leaves
-

something unchanged .

Invariant : a quantity that is left unchanged .

-

e. g.
circle

y y

?

✗ X

fGein} girls
I /



↓ • f.
•

Y

✗
✗

( you
can't tell the Not a symmetry !

circle is rotating
w/o any mark )

⇒ symmetry ✓

a



rotation
? RER /E) RERITD
ftp.?axi
Cal . _

- y)
R}=R / 3¥ ) Rq=Rl2T1)

↳ ly=✗)
C4ly= - ×)

they actually form a

group { Cuca ,
G. Cu

,
Ri , Ra , Rs ,R¢}

Invariants : area , angle , perimeter

Roeational Symmetry

quantity LIX > g. Z) that is
"

invariant
"

under a rotation

L ( ×
'

, y
'
, Z
' ) = £ IX. Yet)

↳
= Run , p , 8) £1k YA)



consider infinitesimal angles xp , 8 .
LHS can be expanded

since RK.pro ) = exp-L-ikh-pb.tk } )]

⇒ Llx:y ! E) = [ 1- iK4+p↳+r↳ )] Shay ,z)
=L IX. YIZ )

⇒ Spyii , L = Llxiyit ) - LIX
'

,y!Z ')

= ilxh-plz-rbldlx.gr/2-)-- 0

since xp ,r are independent :| !!!!↳ L=o
⇔ Lid = 0



If any quantity only satisfies 134=0 : L possess rotational sym
about Z - axis

.

Consider there is some system that possesses a sym about 2- - axis
.

and has an energy Ee IX. y )

measurement : Ee IX. y=o) = Aox
"
= Esmlx)

⇒ Ee IX. g) = Esnlx ) -1 Esmsmlxiy )

where Esmsm IX. 0) = 0
6

( symmetry - modified standard measurement)



↳ Ee = 0 ⇒ 0 = 13 [ Esm (X) + Esmsmlxif))
= i4AoX3y -1 ↳ [Esmsmlxif)]

set Esmsmlxiy ) = § Ynfnlxj

⇒ 0 = 4A◦x3y + [ Y "" ᵈd¥ - ny " - ' ✗ fans]
= - ✗ £ ,

IX) + [ 4A◦X
}
- 2×5-21×1 ] Y

•

+
,
Y
"" [ ᵈd⇒ - ( n-12) ✗ fntzlx) ]

at each level of Y = 0



⇒ y° : ✗ fill)=O 511×3=0

y
'
: 41-0×3 _ 2×521×3=0 → fzlx) = 2AoXʰ

y
""

Cn≥l) : fne.li/5-n+- ¥ ᵈdÉ
f-2=21+0×3 fq=¥✗ - 4A◦X = Ao

all others = 0

⇒ Ee = A. ✗4-1 2AoXʰLʰ+ Aof "

= Ao / ✗4- gy2

suppose ×
"
was instead coslx) , guess Ee= codify



suppose initial function was A.✗ ⇒ Ee = A◦X2_Ñ

logx ⇒ Ee=A◦WgF4F

A- ◦ ✗
"7--0 g.= A

,
(✗4- g)

"7/2


