
AD Gamma Matrix

• tensor product
• real rep of gamma matrices in 413

• Clifford algebra
• identies

• spinor metric , two form ,
,

basis

• Fiers Identities



Pauli matrices

(d) • P
= (

°

,
! ) 4%1=10

- i

i ◦ ) 4%11 ! ;)
SUCH Si = É6i [ Si, Sj ) = ifijksk

""""
"

" " ① °
"
"

"

= " "" ° " |£÷"""i≠j convention

i.j : Sij gij② (si )
'
= 112--169 )

Min : 7mn
, 7m

"

③ { si , 05 } = Gigi ± gigi
µ ,v : gnu, gnu

= 2 Sii -1-12
"

Clifford Algebra
"



taking trace on ③ :

RHS = Tr [ zsii Ila] = 4 gij

LHS = Tr[{ri , ri }/= Tr [ siri + oioi ]
= Tr [siri ] + Tr[oJoi ] = 2Tr[ oioi]

⇒ Tr [ oioi ] = zgij

☒ Trl AB ] = TRE BA ]

Tr [ ABC ] = Tr [ BCA ] = Tr [ CAB]

cyclic property of trace.



Jo = in { Fi
,

Fi } = 2Ñij Iz
fl = 63 i. j= Oil , 2

= or '

pi;= / Ii :) ñi= / %)o o I I
Minkowski spacetime associated with His

'

Ii = C- et
,
✗
, y )

Dimensions :

{
spacetime dimension D : size of the metric

✗
M MY .

. ;D (Euclidean )
9. =D-1 ( Minkowski )

spinor dimension d : size of the gamma matrices
DID) (r%P xp __ Ii ;D



Dirac Equation :

crmb.is?TmrEp--MuIaEn-- ¥
,
):↓

spinormass

Q : D= 3 m = 01,2

✗ = 1.2

D 1 2 3 4 5 6 7 8 9 10 11 12

d 1 2 24 4 8 8 16 16 323264

64 128 128 256 Bott



* frm )qPq : matrix

IMP ✗ ✗

Tensor Product ④

tensor product of two matrices is defined
1718 " Piifiz Ritu Rz&2

(
P" 172

By P, ) ④ (
&" 8,2

g, , g, )=_ ( P" 84 R' 822 P'2821172822)Belfry Pzlfiz 1%2811 Pssfiz
= (FIFE P4§4 P2lf22 P22f4 1%2822

☒aa☒a )



properties : ① ( pm✗m④Qn×n) : (m+n ) ✗ Cmtn ) ?

I I 1mn ) ✗ (mn ) ✓matrices

② ( At B) ④ C = ADC -113×0 C

C ④ ( ATB ) = c⊕A + c⊕B

③ § ( A-
④ B) = ( KA ) ④ B

number = A ④ ( KB)
HW ④ ✗ =P ⑤ Qnxn XY = 1PM)⊕( QN)mxm

~ w w

prove
:

Y = M④ Nan matrix #
mxm

multiplication
°



4D : Xm : m= 0,1/2,3 D= 4

d--4( Vm ) , P xp __ 1123,4

◦
' =L ? :) i=i( ?

_ ';) =L; ;) 03=1 ! ;)
(F) • P = ( ⑤ in )✗P

( r
' )aP = ( Iz ④ d) • P

184 , P = - ( is ' ④ is ' / • P§
, , , , , , , , @ µ , , ,



column :-O
'

it :-O
'

Oi pexplicitly , ↓
=, ☐ ; o of ]xrx

,

P

lr%P=é-
.

= ( Fig)P f '

row 1.0-01--104
""

ma

e. g. ( 8° ) ,
'
= 0

(7) 23--0
1000

( ri ) . p=(%:) P 1%1=10-100homework ! ! ! ;)
.

'

0010 a

during
the break :

(F) ✗ P=( 0010÷:|:0 I 00



M It "# + ( Ma rmbi-zpmng.ir
= 27mn / Ia)!

" northwest - southeast
"

contraction convention

JM.ph + pn.tn = 27mn -14
↓ ↓

( matrix multiplication )

* M=O .
n= 0 : (F) • P= 03×0 is '

ÑÉ=Tp•M) can)←



4+5=2180 )aP (8)pr = 2 (03×016)×1163 ④ if)pI
= -2 [ ( 63.63 ) ④ FEEL ]?Ti

= -2 [ Iz ④ Ila ] ✗
•
= - 21¥11 = -285

= 27
" Sir ✗

◦

= - 1)
= RHS ✓

* M=O , n= /

LHS = (F) • Plot )pʳ+ (F) • BIT )pr
= [ 03×0 is ' ]✗P [ Iz☒ 6) { + [ I>④ 6 ' ]aP[⊕i]pʳ



= [ (03.1-1-2) ④ ( is? ) ]
,

'

+ [ III. ) @ ( 6. in)] , •
- -

= [ ⊕ 63 ]
,

•

+ [ 63×01-63) ] ,
•

= 0

* ii. s
'
= if c- 21363) = i' C- 1) 63 = or

}

RHS = 27°
'

1-1-14)ar = 27
" Sir = 0 = LHS ✓

* checking for other min



(F) ✗ P = ( i Tripp )✗P
= [ i (63×062)/-12×06 ' )(-iñ④iñ)( I>④ ) ] • P

-

(
side :( P④Q)(M⊕N ) = ( P.M )⊕ CON)

( Pi ④ Qi )lPz④Qa) .
-

' ( Pn⊕QN)
= ( Pips . - Pv) ④ ( did , -

- • On ) )
= - [ ( 03.12.62 . -11-2) ④ ( 62.61.02.63) } ,

P

Glo? d) = - jot G- io3.IE?--is2



(F) ✗ P= - [ C- is ' / ④ lira ) ] , P = - [01×062] ,
P

* why 85 ? if we call it 84 , we
have /8981,82, 83,84}

confuses with D= 5 gamma matrices .

Homeuor ① (8) ✗ PIP)po = ?

② (F) ✗ Plrm )p•= KIM)aPcr7pr
M= 0,12 . }

solve for K
.



Define two - form 10,2 ) tensor

Apg = - Agp
- -

( Gnn ) , P = É[ ( rm)aˢ( rn )sP - ( r%ˢCrm)sP]
= I / [ rm.tn])✗P

6mn=-M- min __ 0/1,2/3

# of independent
"
= 6 601

,
602

,

603

612
,
513

,
623



summary : ( rm ) ✗ P
,
(F)

• B. ( om
" )xP

,

1858m )✗P
,
(⇒ ✗

P

counting : { 4 } { 1 } { 6 } {4 } { I}

total # = 16 = 4×4 = did

=D a basis of 4×4 matrices .

raisellowerindicesreco.tl
: vector indices min = 011,2, }

Am = 7mn An ;
Am -_ 7mn A

"

p



spinor indices : spinor metric cap .

CP Xp __ 1,213,4

spinor metric Cap -_ ( ! ! ! ! = - its >④ E)
xpi. : : :|

.

inverse spinor metric ↓
C' P= / same /

%

/
(⑧ (☒ = 8% NOT MATRIX MULTIPLICATION !

[ - i (63×002)
✗B) [ - i(⊕r4 ] •



= C- 1) [ 103 ④ E)
• P (53×002) ✗ r ]

= C- 1) [ C-1) (63×062) 63×062)☒ ]

= [(03×062)/63×064] g- ((6-363)×016262) ]P , = 81

properties : ① Cap = - Cpa
(
✗ P = - CM number !

② lower : Xp = 2p = ÉpÑ )
raise : XP = cP✗④ = 4. Cpd



you can move C
✗ P ( cap ) around .

but you have to stick with this rule !

( rm ) ✗ P : ( om) xp
= (A) ✗ • Cop = Crp 187×0

( rm )
✗ P = C

" ( rm ) , P = (rm ) , Per

(Map = ( om)'
p Cra ✗
-

NOT DEFINED

( om ) op
= ( rm )
"
Cra Csp



(Map : (F)
xp
= (F) ✗

'

Crp

= ( o > ④ is ' ) ,
•

( - is >
④ 6) op

= ifi) ( 43.63) ④ ( o ' -G)
xp

= IIa) xp

(F) xp
: It

'

)ap= ( ol ) ,
'

cop
= ( Is④ d) ✗ • ( - is } ④ f) op
= ti ) ((-1-12.63)×0101.621) xp
= C- i)(④ is 3) xp = (63×063) xp



try xp
: (F)

xp
= ( V) ✗

•

Crp
= - ish ④E) artist ④ 62)rp
= - il lo ? 63 ) ④ for ? B) xpist Ibn
= ( o ' ④ Iz ) xp

(P) xp
: 183)✗p= (B) ✗

•

Crp
= (-12×063)×0 ( - is } ④ E) op
= - i (1*2.63) ④ ( 63.62))

xp
= - if 63×0 c- in )ap
= - ( 63 ④ 6

' ) xp



(F) xp
= ( Is ④ Is ) xp (F) xp

-_ ( ④ Is ) xp
(F) ap= 163×063 ) xp 183 )ap= -103×06 ' ) xp

(8) xp
= (F) pa

Homework : (F) xp
= si (2)

pa
(F) xp

= Sz (F)
pin

(8) xp
= s

} (8) pin
(F) xp

= self)pa

find Si , Sa
, 53,54



summary : ( rm ) xp
= 187pA

Cap = - Cpa

(F) xp
= - (F)

pa

( rsrm ) xp
= lilt'M)pa

( om ) xp
= ls (

"

) pin

4- Map = ( HH ) ,
•

Cop = 18%817)sp
= (F) as 1-1-14) sp

= (-61×062)xp

Ñ%%p=ˢlT)grcrp_⇒ 18%1



(F) ✗ 8=(-01×062)×8
(8) s

•
= ( 63 ⊕ is 2) so

cop =
- i (53×062)

rp

(Vsi ) xp
= 18%8187 so Crp
= ( → ' ④ d) as (63×0102) src 163×0 E)

op

=
-(( 01.03.63)⊕( 02.02.62 ) ) xp

=
- lo ' ④ E) xp

⇒ 1858° )
xp

= - 18587
pin



*Map = (F) •
'

1pm )op
Aside : Ag. BF

= (F)
✗

• ( rm )pr = Aa Bpin

= Com )p:( F) ✗ I = Aal- Ck ) Bp
= - cIAaBp= - Hm)prV%r

= - A✗B✗

(F) ar= -18%
= ( gm ) preys) ,,

= - AP Bp
= ( 8m75)p✗

ymy5= - ysym
= - ( Frm )p✗ * ( rm)#F) ✗

±

= - (F) or



Com
" )
xp

= k lo
""

)p , find K

C) xp
: ( V )

xp
{ 4 } symmetric on xp

↓

xp = 123,4 (F)
xp

{ I } antisymmetric on xp

Meps { 16 } ( frm) xp
{ 4 } antisymmetric .

.

sym Kp) : 4×52=10
Cap { I } antisymmetric . .

antisynltp) : 4×21=6

C)
' P com

" )
xp { 6 } symmetric . .

table is valid
total # = 16 # of sym : 4+6=10

as well
# of antisym : 1+41-1=6



① Jm Vm = 4-1-14 recall : 8m = 7mn rn

② Tm Tn Tm =
- 28h

③ Vm 6pqVm = 0

④ 8m 858 "8m= 2858 "

⑤ VmÑTm = -485

① rm8m= Mm"8nTm hint : Mm"= 7hm

=nⁿH÷÷¥¥r%%n 1,7hm
= 7mn Mnm -1¢ + £7m"rnVm - £7m " 8mn



= ( 7" Moo + 7 " 711 -1722%2+733%3 ) -1-14 + £8m 8m - £8 " rn

= (1+1+1+1) -11-4 + £ (r%tYK+r%tr#
-V%-r'K-r%-r#

= 4-1-14

Aside : AB = £ / { A. B } + [ A , B ])
(Tnf ) , P⇒

use cap c-◦ raise / lower

use 7ᵗʰ
"

to raise / lower

Clifford algebra ( defining property of Gamma matrices)
{ 8m , rn } = 27mn I = 8mm + 8h8m



⑧Mrn 7m : hint : we can use Vm Tm = 414

rmrnrm = 8m ( 27mm Ily - rmTn )
I

= 27 nm TM - 87mm Clifford Algebra

= 28N - 414Th = -28N

③ 8m Epg Tm = 8m

ftp.#m--izrmlrprq-rgrp)rmrmrprgVm=8mTp( Mgm -14 - 8m88)
= 28g Xp - IRENE



= 28gVp + 28pTg = 2. { rq8p } = 47*-11-4

⇒ rm 6pgrm= iz (47*-14-47%-14)=0

④ 8m V58
"

Vm =
- FILM = -851-28 ")

= 2858h
recall : 8m85 = _ ysym

⑤ 8m85 8m = -858m Vm = - 8541-1-4 = -485



V5 = i 8°8'8'' 83 = Emnpg 8mV 8PM

= É:( C- on } 80818283 -1 Goss 818828£
+ £301283808

/ y2

+ C-230182838081 + .
.

. .

.)
• C- 102381808283 = C- C- 0123 ) (-8%18283) = C- ◦ 1238%883

☆ rmrn = - rnrmcmtn)

• simi liar calculations for all 24 terms
.



8m85 = Emnpgrnrprlr
Joys = To i8°8 ' 8283 = i 818283 = i. c- ◦ , , } 818283

ME = inner 'r2p3 = - irony }

= c- 0mnp8m8ⁿrp

= C- imnp8mrⁿrP

t: 8m88
_ oP8rm = ai / SMP 88 - 8hr1)

⇒ - iz / rmsP8 _ rP88m)= 8m¥ j8]



Cosh E - Sinh#

^=( - sinh E cosine ) * =/ ¥ )

4=114 = (
Ct cosh# - 2- s;nh

- ctsinhot + 2- cosh
E)

¥ = ( ¥ ) ⇒ { CÉ =c-ccoshE-zsinho-E-n-c-csinhE-2-coshl-c-T-a.cl
- 2-§

suppose € KI
si"ʰ¥ → € { I = z - ceeCOSHOI → 9-



Define {
Of = I - I 0×0=-01×3then {cot =

- ¥
⇒ { 0×3=-01×0

Oz ≤ I - 2- OZ = - ct§

D= ☒ 103

- iz / 8m6P8 _ rP88m) = 8m¥ z8]

DPMM =
- [ rm

,

6P8 ] = iz[oP8 , 8m ] = Smtp 88]

17=0,8--3 ,
M=o : 03 go = V3 ⇒ 00380=-23

f- 0,8=3 / m =3 : 803 83=-20 ⇒ 80383 = - go

103 ✗
◦

=
- ✗

3

[03×3 = - ✗
°



blue vs. red : different representations
infinitesimal

If L
"
is a) Lorentz transformation acting on

the spacetime coordinates
,

then 003 must be the Lorentz transformation acting on the 8m

( this is why we claim that
"

m
"
on 8m is the

"

vector index
"

,

it performs like ✗
m

under the Lorentz transformation )

cosh E O O - Sinh#

( 0 I 0 ° ) x

s? ☒ = µ ) 103¥ = if
0 0 I 0

2- Lorentz transformation
- SinhE

° 0 coshE
along 2- - axis



I 0 O O

O cost - Sint OR
"

= ( o sin, cos, of R
" I :="y
rotation about the 2- - axis

0 O O I

I 0 0 0

I 0 O

R2 } = ( %
◦ cow - sin)

0 0 Sino cost

1231 = ( O

' ° °

sinpCOSB O

o o i
) )

◦
-sinp 0 cop



"☒ """"€ ° ° ""€ ° " """€ °

)A
"
= f- singe wine ° ° I o of. s" =/ °0 ° I 0

-sine o co>HE O

O O I
O O O

\

do the same analysis ( taking ☒ → 0) , find the generators ,

match with [ oP8 , 8m ]
↓
Lorentz generators .

Recall : 85 = if -88283 = C-mnpgrmrnrPr8
8m85 = ÷, C-mnpgrnrt.rs



Irm -18188 ] - ÉL ,
8838 "

= 2 i ymEpy8 ]

now : Tm [ TP , V8 ] = ?

IN - 8m88 rp =

ymP - y Pym)y8 = 2pmPrf _ zPrmz8

Aside : 8m15 = ¥ C-m_npg8
"8PM

multiply C-
Mr"

7m85 = §, C-
ᵗʰʳᵗ

Emnpg rP8&
in

=
- ÷,

8%8; 8¥ rnrprso



= - ÷ Tarps ye ]

=
- ÷:{ rrrˢrᵗ - priors
+ Terrys-gtrszr-rsr-rr-rsrrrt.ly

using

clifford algebra =
- ÷ { Ñrˢ8ᵗ _ grants + prpspt

→ bring
all other

£

+ .

. .
.

terms
to
Ñˢrᵗ

+ . .

. }

-

+ M 's

C-mrˢᵗrmr5= - ifrrsr-l-n-srr-yrt.rs - yrs rᵗ }



⇒ rrrspt-ic-mrs-rmp-ty-o.gr _ ntys + nope

pmrPr8 = i C- nmP8TnV5tMPtrm - ym&zP + ympg 8

pm -18188 ] = 8mg -488 ] ◦

= ienmtpf ] Ynys +¥8m-2mm -18M]
I

tymt.PT# ypao _ y8P=yP& _ YPG

= zi C-
"MP3 Ynys + zymEPy8 ]

Homework : ① 85 [ TP , 88 ] = ?

③ [ JP, 8838m = ?



Aside : 2D Euclidean space . C-
" =\

, C-
"
= -1

,
others __ 0

Eis
,

Eis
'

Ere =c§ :< Sie - Sisi)
i ,jikil= 1,2

choose : i=k≠j=l

LHS= l RHS = c ⇒ c=I

2D Minkowski space Em" 77.1-b9 )

Em
"

Epg = c (8%8%-8%85)
mini pig = Oil



choose m=p = 0 , n=f= /
C-
° '
= I

LHS = C-
° '

C- ol = - I Eo , = C-
"

700711
RHS = C ⇒ c=

- I
= -2

⇒ Em
"

Epg = - Singh ]
p g

1T¥ : 413 Minkowski

① C- mnpso C- rseu =
- 848 " SP SH

r s t u

=
- San GP g8 ]② C- mⁿP& C-mrst r s t



recall : Tn [ 1-
a Tb] = 2 Sab

for matrices ,
inner product of A and B as Tr( AB)

Trace properties of gamma
matrices

① Trlrm ) = 0 : Trlrm) = ( rm) ✗
✗ =É(r% '

✗=L

☆ Tr(P⊕Q) = TRCPJTRCQ)

③ Tr( 8mV ) = Trlrnrm) = 47mn

Tr( rmr
"

+ Mrm ) =Tr(27mn -11-4) = 27mn . 4

↳
= 2Tr( 8mV)



③ Tr( 8mg
" RP ) = Trtrprmrn ) TRCABC)

=TrCBCA)
= Tr / 2hPM rn - 7m88" ) = TRCCAB)

= Tr( 2710mV) - Tr / 8mn81
= - Tr / 8mJPY) = - Trfrm 27M - Thrupp)
= Tr / Tmr"rP )

hint : • ( 8512 = I

• 858m = _ rgmys

Tr( 8mmol
'

) = Tr / 85858mg
" RP) = - Tr(FrmrnrPys)

=
- Tr / 85858mg

"

JP) = - Tr(VmrⁿyP)=O



④ Tr( rm
' 8ᵗʰ . . . TMP ) = O

p is odd

⑤ Trlrmrnrp 88 )

idea : rmrnrpyfclittordalge.br#-ynyPg8gm+ . .
. . .

↑ same
- rmrnrprso +n

⇒ 2Tr(8monrP88 ) = ✓

Tr Comr "rPr8 ) = Tr / 24m¥ Nrm)rPr8)=TrkyⁿrPrE)
- Tr /877178) = Trlanm"rPrᵗ)

- Tr / 8" 1277-11-4 - rPrm)r8 )



= Tr Gym
" 8PM) - Tr( 277878) + Tr(8ⁿrPpmz8 )

= 27mn47 Pf _ znmp 47^8 + Tr / VIP 27Mt) - Tr(rnrPr8rm)

⇒ 2Tr( 8m87Pro ) = 87m
"

YPG - 8777nF + gymsoynp

⇒ Tr (87^8138) = 4 ( 7mn71't _ Mmp Mnf + ymsoynp )
⑥ Tr ( 85 ) = 0 method 1 : exploit tensor produce 85 ]

method 2 : use E- i 8%8283 + o

method 3 : Tr (F) = Tr (8%085) = . . . =D

⑦ Tr ( FTM) = -Trlrmrs) = - Trlrsrm) = 0

goyim = - phys



⑧ Tr ( 858mm RP) = a

generalization : Trl 858m
'
-

-
- gmp ) = o

p is odd .

⑨ Trl Frm V ) = Tr / Ér%rmrⁿ) = a)3TrlÑrsrmrⁿrg
✗ f- Min

cyclic )= Tr ( jnrsrmrr " F) = °



Summary : (8%1185) . P , Saf , Hsm)✗P , Conn )•P

ÑP( 87ps ' = Sap ( 858")p✗ =

( rm )✗P(r5)p
"
= Sap (E) p' =

(rm ) ✗ Psp
"
= GET)✗P(oP8)p✗=

(rm ) , P 1858
" )p✗ =

1pm )aP(oPf)p
✗
=

(F) ✗ Psp ' =
(F) ✗ Person)p✗=
(F) • Plops )p

'
=




